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Optimal Invariant Spacecraft Formation Deployment
with Collision Risk Management
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The analytical solution of the deployment phase of a spacecraft formation is provided. The solution applies
to Earth-centered invariant formations. These feature a fixed geometry over one revolution, which renders them
useful for numerous purposes, especially radar interferometry and sparse aperture synthesis. First, a formulation
useful for formation design is defined in terms of nonsingular elements. This is used as a basis for solving the
deployment phase. The primer vector theory is applied to obtain the minimal fuel consumption. Next, this theory
is combined with a geometrical approach to yield the maneuver components of the optimal solution. In addition,
the payload separation strategy from the rocket upper stage is also optimized to take into account the collision risk.

Nomenclature

= semimajor axis, km

eccentricity

eccentricity vector

inclination, rad

inclination vector

formation shape constants

mean anomaly, rad

inertial equatorial frame

local orbital frame

inertial frame linked to the reference orbit
true anomaly, rad

with respect to the reference orbit
normalized variable

unit vector

mean argument of the latitude, rad
impulsive maneuver, km/s

separation impulse ratio

formation phase angle, rad

= angle along the orbit measured from the reference right
ascension of the ascending node (RAAN), rad
formation size parameter, km

RAAN, rad

= argument of perigee, rad
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Introduction

ORMATION flying is an enabling technology for innovative
missions. Numerous applications, for example, radar interfer-

Presented as Paper 2003-0653 at the AAS/AIAA Astrodynamics Special-
ists Conference, Big Sky, MT, 3—7 August 2003; received 3 November 2003;
revision received 15 November 2004; accepted for publication 24 Novem-
ber 2004. Copyright © 2005 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0022-4650/05 $10.00 in correspondence with
the CCC.

*Ph.D. Student, 26, Avenue J.F. Champollion; arnaud.boutonne.03@
supaero.org. Student Member AIAA.

TMission Analyst, Mission Analysis Service, Systems and Ground Seg-
ment Programs Division, 26, Avenue J.F. Champollion.

#Leading Scientific Researcher, Scientific Research Department, Keldysh
Institute of Applied Mathematics.

SProfessor and Head, Space Department, 10, Avenue Edouard Belin.

913

ometry or antenna synthesis, benefit' from a special class of Earth-
centered formations: the invariant or free elliptical formations.>?
The interesting feature of these formations is that the natural rela-
tive motion of a spacecraft around the reference orbit is elliptical.
Reconfiguration of such formations, for example; deployment, size,
and shape change, has been extensively studied. However, the re-
lated optimization problem is usually solved by means of heuris-
tics (number and location of maneuvers, type of components) and
gives near-optimal solutions whose optimality must be checked a
posteriori.*"® We propose here to apply optimal control theory to
find the optimal solution for the deployment phase analytically. Our
solution takes into account the collision risk by addressing and opti-
mizing the formation spacecraft separation strategy from the rocket
upper stage.

The input to the optimization problem is the targeted changes in
the orbital elements. These follow from the requirements defined by
the target formation. Several models already exist for the invariant
formation design. Sabol et al.” proposed the first model for circular
and projected circular formations in terms of Cartesian elements
in an inverse square law field. New models based on Keplerian
classical elements considering various orbital perturbation sources
have been proposed (see Refs. 8—10). However, the optimal control
theory employed in our method requires the model to be given in
terms of Keplerian nonsingular elements.

Hence, the next section of this paper concentrates on the formation
model design. The obtained model is then used in the third section to
formulate the optimization problem. The fourth section introduces
the optimal control theory and the geometrical approach to obtain
the analytical optimal solution to the deployment phase. Finally,
in the last section before the Conclusions section, a numerical ex-
ample is given.

Formation Design
The reference orbit state vector is defined as

(e))

expressed in an inertial frame R = {0, X, y, z}, where a is the refer-
ence semimajor axis, e = [e, =ecosw, e, =esin ®]" the reference
eccentricity vector, i the reference inclination, €2 the reference right
ascension of the ascending node (RAAN), and @ = @ + M the refer-
ence mean argument of the latitude. Of particular interest is the state
vector of a spacecraft flying close to the reference. It is defined by
its deviation 6 x with respect to the reference state vector. When the
reference orbit is circular and when Keplerian dynamics is assumed,

- - - - < — - T
x=la,ee,i, Q2 al
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the motion is invariant? if

da=0, dey =—(p/2a)sinf

dey = (p/2a)cos0, 8i =k (p/a)cos

8Q=ki(p/asini)sin0, S =—cos(1)8Q )

In this set of equations, p is the formation size parameter (equal
to the elliptic in-plane projection semimajor axis), 6 is a phasing
angle, and £, is the constant parameter corresponding to the relative
motion shape. Figure 1 gives the geometrical representation of these
equations in the reference local orbital frame (LOF) Ry or = {F, t, n},
where 7 is the radial direction, 1 is the transversal direction, and 7 is
the normal direction. There are two special cases: If k| = /3/2, the
relative motion is circular in R of, and the projected motion onto
the plane (¢, #) is circular if k; = 1. Figure 2 shows an example of the
orbits of the reference and of the spacecraft to yield a circular motion.

However, this model does not account for reference orbits with
small eccentricity (¢ &~ 103, which is the case for many low-Earth-
orbit missions). A series expansion of the true anomaly and of the
orbit radius in terms of the mean anomaly'' shows that this result
stands up to first order in eccentricity. This is derived in Ref. 12.

Moreover, this model is not valid for reference orbits with small
inclination, which is the case for geosynchronous-Earth-orbit for-
mations because €2 tends to be infinite. To solve this difficulty,
the inclination vector i is introduced. It is defined as i=[i, =
sini cos Q, i, = sini sin Q]”. Then it is possible to derive'? the
new set of equations describing the formation geometry:

orbit.

Reference orbit \

Spacecraft

Fig. 2 Example of orbit corresponding to a relative circular motion.

da =0, de, = —(p/2a)sin6

dey, = (p/2a)cos, 8iy, = ki(p/a) cosi cosd

8iy, =ki(p/a)sino, Sa = —cos(D)8Q 3)

Of particular interest is the geometrical representation of the tar-
geted changes in the spacecraft orbital elements with respect to the
reference orbit as shown in Fig. 3a. Figure 3a clearly shows that the

0]

a) Reference orbit with intermediate inclination, for example,
50 deg
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b) Polar reference orbit case

2l

ol

Vi

€|

o
\/
%

o
L

¢) Equatorial reference orbit case

Fig. 3 Geometrical representation of invariant formations.
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eccentricity vector change is a circle and that the inclination vector
change is an ellipse.

A new set of axes have been introduced: X1, y, and Z; are derived
from X, y, and Z by a rotation around Z equal to Q2. The components
diy, and iy, are given with respect to this frame to exhibit the
elliptical shape of the inclination vector change in function of 6.
When expressed in the same frame as Z, the targeted change is simply

8i, = cos Q8i,, — sin Qi
8i, = sin Q8i,, + cos Qdi, “4)

With this representation, <2 is never infinite, whatever the reference
inclination. This is a nonsingular representation.
For nonpolar reference orbits, the angle 6 has a value

0’ = arctan(tan 6/ cos 1) 5)

Two particular cases can be shown from Eq. (3): The first one cor-
responds to a polar reference orbit, and the second one corresponds
to an equatorial reference orbit. The first case is shown in Fig. 3b:
The component 8, is null. Therefore, the angle 6’ is non definite,
and the inclination vector change is a segment of a straight line.
The second case is shown in Fig. 3c: The targeted inclination vector
change is a circle. The model given in Eq. (3) will serve as an input
in the following section.

Formulation of the Deployment Problem

The deployment of an invariant formation poses the follow-
ing problem: All spacecraft are stacked on the upper stage of the
rocket. For each spacecraft, the deployment consists in obtaining
the changes in the orbital elements given in Eq. (3). Basically, this
is a rendezvous between two close near-circular orbits. It is more
convenient to solve this task in an inertial frame linked with the ref-
erence orbit. The optimization technique that will be used is indeed
usually given in such a frame. Therefore, a new set of axes have
been introduced: &', §’, and Z’ are derived from Xy, y;, and Z; by a
rotation around X; equal to i.

Given an [-impulse solution, the deployment optimization
problem!® P is

!
min > " AV

j=1
da =0

P) de, = —(p/2a)sin6

dey, = (p/2a) cos

8i. =ki(p/a)cos6

(Si; =ki(p/a)sinf

SN =k, (6)

where )’ is the angle along the orbit between the reference orbit
ascending node and the spacecraft.
From problem P, it can be deduced that

de = ||be| = p/2a (7
8i = ||6i'|| = kip/a (3
(61, 6e) = 7/2 )

This clearly shows that the deployment problem is independent
of 6. If all formation spacecraft have the same size parameter p,
the optimal solution corresponding to PP; will be the same for any
spacecraft.

Suppose that a transfer P, that is, without the constraint §A" = k5,
is solved instead of a rendezvous. The optimal solution will lead to
8)\’/. (ty) for spacecraft j. However, because the solution is the same
for all spacecraft, §1;(¢;) will be the same for another spacecraft:

By simply solving a transfer, all spacecraft will be deployed on the
same invariant formation (with, of course, different phase angles 6).

In a previous paper,'* it has been shown that the minimum-fuel
solution to the problem P, led to a collision between all space-
craft and the rocket upper stage from which they were separated.
To counteract this problem, one solution consists in introducing
a distance constraint and solving the optimization problem a priori
[nonconvex nonlinear programming (NLP)]. In this paper, we chose
a different solution by finding the optimal deployment for any sepa-
ration impulse and then adjusting this impulse such that the distance
constraint requirement is met. Note that this method will not give
the true constrained minimum because, contrary to the NLP solu-
tion, the distance constraint is not directly taken into account in the
optimization process.

The separation impulse AV =[AV, AV, AV,]" will affect the
orbital elements. The well-known Gauss variational equations (see
Ref. 15) are used in normalized form,

8a = 2AV,, Se, = 2cos N AV, +sin VAV,

Se, = 2sinA’AV, — cos A'AV,, 8il = cosA'AV,

8ij, =sinA'AV,, 86X =—3AIAV,—2AV,  (10)

Here, the normalized form means that all distances are divided
by a and that all velocities are divided by the circular velocity
Veire = +/(1t/@). The normalized variables are denoted with a tilde.

Figure 4 gives the geometrical meaning of these equations: The
two vectors de and 61’ of the problem P, are represented in the plane
{x’,y'}. The circle C whose radius is 8a is also given. Furthermore,
a set of three vectors {§,, §,, §,} representative of the maneuver
AV is drawn. We define their coordinates as

¢ = [AV, sin)’, —AV, cos A’]T
7 ’ s r
£ = [ZAV, cosA’,2AV, sini ]
¥ ’ T T
£, =[AV,cos', AV, sini'] (11)
From Fig. 4, itis possible to construct a sequence of maneuvers such

that these vectors yield exactly de, 6i’, and éa. This corresponds to
the following set of equations:

AV, i
=g, =da, & +E&,;=06e
2 1AV X,:

J
> &, =6 (12)
J

&'

Fig. 4 Geometrical representation of Gauss variational equations.
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This geometrical representation allows finding analytical solutions
to the deployment problem.

Now, by the choice of a separation strategy, the effect of the
separation impulse on the orbital parameters can be derived. A usual
strategy'®!7 consists in using a transversal impulse:

AV, = AVt (13)

that is freely obtained, for example, with the help of a spring-loaded
device.

By combination of Egs. (6), (10), and (13), the new optimization
problem P; is

!
minz AV,
=1
6& = —2”Avscp||
('P3) e, = —(,6/2) sin@ — 2||A‘75ep” Cos )“,sep
8ey = (,5/2) cosf — 2||Af/sep” sin )‘;ep
8i'c =k pcosf

(Si/y=k1/3$in9 (14)

where A;cp is the angle where the spacecraft is separated.

Optimization
Primer Vector Approach

The optimization problem P; can be solved in various ways,
numerically as well as analytically. Numerical solutions are time
consuming and sometimes difficult to explain physically. Analytical
deployment has been studied by several authors*~° and leads to sub-
or near-optimal solutions.

What we propose here is a direct use of the optimal impulsive
control theory, namely, the primer vector that was introduced by
Lawden.!® Several general results of the primer vector approach
will be covered in the following section.

The spacecraft state vector shall be defined by its distance to the
attracting body, its velocity, and its mass. When Pontryagin’s max-
imum principle is applied, the costate is adjoined to the dynamics.
For an impulsive solution, the necessary conditions of optimality
are met when the primer vector (that is, the adjoint of the velocity)
trajectory, called the primer locus, is inside or tangential to the unity
sphere. Every time it is tangential, an impulse must be applied. The
impulse direct cosines are given by the orientation of the primer
vector.

Furthermore, when the initial and the final orbits are close, the
dynamics can be linearized about a reference orbit. This leads to
some simplifications as explained in Refs. 19 and 20. For instance,
there are only three kinds of optimal transfers: nodal, nondegenerate,
and singular.

The nodal transfer corresponds to a bitangent elliptic primer lo-
cus: The optimal solution is two impulsive. The maneuvers are ap-
plied along the line of nodes between the initial and the final orbits.
The maneuvers’ direct cosines are opposite.

The nondegenerate transfer is also two impulsive. The maneuvers’
direct cosines are equal for the transversal components (along £),
whereas they are opposite for the radial and normal components.

The singular transfer is more complicated: The primer locus
is circular, and, as a consequence, it is always tangential to the
unity sphere. Hence, the number and the location of maneuvers is
unknown.

By the definition of 8¢/ as the projection of e onto 6i’, and
with e, as its orthogonal projection, a transfer is nodal if and only
if

8i"” > 3862 (15a)

8a* < dej, (15b)

The related optimal fuel consumption is
AV = [8i2+8¢% |4+ 862 (16)
It is nondegenerate if and only if

sa* = éej, (17a)

8a* < 8¢+ (2//3)8e.8i' — i (17b)
The optimal fuel consumption for this case is

AV = (8i% +8¢* — Joa°

1
+/(8i2 — 8¢2 +8a2)? +48i28¢2 )7 /N2 (18)
Finally, it is singular if and only if
8a* < 8¢* + (2/V/3)8e.5i — 8i” (19a)
8i” < 3862 (19b)

For this latter case, the optimal fuel consumption is

Al7=\/8ef/—|—(8ﬁ+«/§5i)2/2 (20)

The separation impulse induces a residual eccentricity vector e
and a semimajor axis change éa. They are shown in Fig. 5 with
&ep = AV /2. Together with Ps, Fig. 5 allows calculation of the
target corrections:

8 =—2|| AVl

|8eves =\/ 18e]2 + 41| AV.cy |2 — 4| Sell| AVicy | sin (kg —6)

sep

Serest = l|6el| — 2] AV, |l sin (A

;cp —0)

Seres)) = —2| AV el cos (A, — 0)

sep
|67 || = 2k, || be]| (21

By combining Eq. (21) with the primer vector bounds, we have
shown that the transfer is nondegenerate. Thus, the optimal con-
sumption AV* is given by Eq. (18).

The optimal consumption is a function of two variables: the sep-
aration impulse angle A{,, and the separation impulse amplitude
|IA‘755p||- First, we calculate the optimal value A;‘;p by deriving

14

> ¥

Fig. 5 Deployment problem geometrical representation.
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BALQP (AV*)=0. Two roots are found:

Mty =2y + /2 +6

1
)“;*pZ = znsepﬂ + arctan(4n2 — 1)75 + 2] (22)

€

where n, is an integer. The second root depends on the very im-
portant ratio n

n=AVll / ||5e] (23)

The second-order necessary condition of optimality Bf, (AV*) >0
allows derivation of the following intervals: P

0<n<1/2: AL=2%,
n>1/2: Mep = Pep (24)

Once Ay, is found, it is numerically shown that AV* is minimum
when

n* ~ 0.39

by simply scanning .
Hence, the optimal separation impulse has been found almost
completely analytically.

Geometrical Approach

The optimal consumption is known. However, we are also inter-
ested in the maneuvers’ characteristics to assess the collision risk.
For this problem, no straightforward solution using the primer vec-
tor alone has been found in the literature. The solution we propose is
based on the method introduced by Baranov in Ref. 21: It consists of
finding a geometrical solution compliant with the necessary condi-
tions of optimality given by the primer vector. For the nondegenerate
case, the first condition is that the solution be two impulsive. The
second condition is that the direct cosines must be opposite, except
for the transversal components, which must be equal.

For the first interval, that is, when A, = /2 + 0, the separation
impulse is applied along ée. The corresponding geometrical solution
compliant with the conditions of optimality is represented in Fig. 6.
From Fig. 6, it follows that

16,1l ={=ll6ell/2+ | AV I[1 — sin(i) —6)]}/[cos(h; —6)]

1€, 1 = 1AV I, €1l =167l / 2cos(ny —0)  (25)

<

>
—

ol
X

Fig. 6 Geometrical solution compliant with primer vector necessary
conditions of optimality for first interval.

Given the fuel consumption

2
AV = Z\/Av,?j+m,§+wn3 (26)

j=1
the root of 31’1 (AV)=01is found to be

1—n+2n2+4/1-2n+4n?

n2n—1)

A= arcsin |: j| +6 27)

for the circular formation, that is, ki, =1, and

15—4n+8n*++/5/5—8n+ 1612

Al = arcsin | —
4 n(2n —1)

i| +6 (28)

for the projected circular formation, that is, k; = +/3/2.
This leads to the optimal solution,

M=2mmw+ A1)+, Ay =2nom + 7 — A 426

AV ={=p/4+ | AVill[1 — sin(X; —0)1}/[cos(x| — )]

AV = AT,

AV =—l AVl /2
AV =AV], AV =—kip /2cos(X; —6)

AV =—AV

nl (29)
where n; and n, are integers.

In the same manner, the geometrical solution compliant with the
conditions of optimality is represented in Fig. 7 for the second inter-
val, that is, for which A;’gp = arctan 1/\/(4772 — 1) 4+ 0. From Fig. 7,
it follows that

M =2nm+06, My =2nomw + A+
AVS =0,  AV3=0
AV =4I| AV = p2/4 [ 4= | AVigpl / 2

AVE=—AVE = |AVll, AV =—kip ]/ |AV AV

AV =hip /| AV | AV (30)
These solutions now permit assessment of the collision risk.

Collision Risk Assesment

Now a distance constraint between vehicles is needed:

1) Between a spacecraft and the rocket upper stage, once a space-
craft is separated, the distance to the rocket upper stage will initially
increase due to the semimajor axis change. (The separation impulse
is transversal.) One revolution after the separation, the distance will
then reach a minimum. (See the example in Fig. 8.) This minimum
must be greater than the constraint.

2) Between individual spacecraft, when the first spacecraft is
separated, the distance to the next, which is not yet released, begins to
increase. Then the distance will decrease because the next spacecraft
is separated. The minimum distance is computed only once the first
maximum is reached.

It can be demonstrated numerically that the minimum distances
increase with 7, that is, with the separation impulse amplitude. Fur-
thermore, at the end of the optimization section, the optimal value
of n is obtained for minimizing the fuel consumption.

Hence, the strategy is simple: A first run is made with the optimal
value for n. The minimum distances are then computed. If they are
greater than the constraint, then this solution is retained. If not, the
separation impulse amplitude is increased starting from the optimal
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Fig. 7 Geometrical solution compliant with primer vector necessary conditions of optimality for the second interval.

T axis (km)
o
@

o
12

0.4

0.2

-25 -20 -5 -10 -5 0 5
t axis (km)
Fig. 8 Minimum distance between spacecraft and rocket upper stage;
rocket upper stage altitude 700 km along circular orbit, transversal
separation impulse amplitude 30 cm/s, relative trajectory represented
in radial/transversal local orbital frame of the rocket upper stage during
four revolutions, and minimum distance 5.330 km.

value until the constraint is met. The additional fuel consumption
represents the constraint cost.

Numerical Example

Missions such as georeferencing or moving target identification
can be regarded as pertinent study cases.! For such applications,
spacecraft can fly in circular formations.

We consider a formation of five spacecraft initially stacked on
the rocket upper stage. The target circular formation size parameter
is p =2 km. Without loss of generality, our study will focus on the
first two spacecraft: Their phase angles are chosen to be 8, =0 deg
and 6, =72 deg, which corresponds to a five spacecraft regular for-

Table 1 Formation design: rocket upper stage and spacecraft
orbital parameters

Upper stage Spacecraft 1 Spacecraft 2

a =7200, 55 km da; =0km dar =0km
e=1.10"3 dey=1.397% Sep=5.1373

i =55deg 8i1 =1.38"2 deg 8ip =4.2673 deg
Q=0deg 591 =0deg 8 =1.6072 deg
=90 deg Sdw; =0 deg 8wy =7.218 deg
M =0 deg SM; =0 deg SMy = —7.227 deg

mation. The rocket upper stage orbital parameters are summarized
in Table 1. The results of the formation design section allow the
targeted changes in the spacecraft orbital elements to be derived,
which are also given in Table 1.

The deployment is supposed to be constrained by the mini-
mum distance dy;,. The task is solved for two values: dp, =1
and 1.5 km.

It has been found in Ref. 12 that ne, and n; [definitions in
Egs. (22) and (29)] can be properly chosen. Given ng; for the
first spacecraft, the minimum distance with the other spacecraft is
increased!? if

Nsep2 — Msepl = 1 (31)

Furthermore, the minimum distance with the rocket upper stage is
increased if

ny—ngp=1 (32)

The main results of the optimization process are given in Table 2.
Two variables are introduced for comprehension purposes: 1, and
Nsc. They correspond to the minimum value for n to be compli-
ant with the constraint: If 1 > 5, (respectively, 7.) then the mini-
mum distance between one spacecraft and the rocket upper stage
(respectively, the other spacecraft) will be greater than dyy,.

Note that all numerical simulations show that 1, > 1,. This means
that it is sufficient to focus on the distance between spacecraft: The
other distance constraint will be always satisfied. Furthermore, for
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Table 2 Optimal deployment results for two
minimum-distance constraints

Parameter diin = 1 km dpin = 1.5 km
0y 0.06 0.1

sc 0.18 0.71

Nmin 0.18 0.71

n* 0.39 0.71

| AVsepll, cm/s 40.30 73.65
AV ||, m/s 1.85 1.93
Cost, % 0 4.32

(km)

I axis

15 . . .
-20 -15 -10 -5 0 5
t axis (km)

a) Projection onto transversal-radial plane

2 T T T T T T

(km)

n axis

P i i i

‘. : :
-15 -1 -05 0 0.5 1 15
r axis (km)

b) Projection onto transversal-normal plane

Fig. 9 Motion of a spacecraft with respect to rocket upper stage.

dmin =1 km, ns. < n*. Hence, if n* is taken to calculate the separa-
tion impulse, the fuel consumption is reduced while still satisfying
the distance constraint. However, for dy,;, = 1.5 km, n. > n*. The
optimal value n* cannot be used because the constraint would be
violated. In this case, ny. must be used to compute the separation im-
pulse. The fuel consumption will not be optimal. Then the cost with
respect to the optimal case can be derived. As a consequence, these
results show that the optimal value n* corresponds to a minimum
distance d; that lies between 1 and 1.5 km.

Suppose now that ny. and 7, are unknown. (This is actually the
case.) A first run is made with n*. The optimal minimum distance
dy.. is derived. Because d; > dpi, for the first case, the optimal
solution is kept. However, for the second case, we have d;, <
dmin- Hence, n is increased until the constraint is met and so 7 is
found.

From Table 2, the optimal separation impulse amplitude is
roughly 40 cm/s for the first case. When compared with the Gravity
Recovery and Climate Experiment mission deployment, '® for which
the separation impulse is 28 cm/s, this result seems to be realistic.
The optimal deployment fuel consumption is 1.85 m/s, which is
reasonable for a microsatellite platform. For the second case, the
separation amplitude doubles, and the fuel consumption increases
by 8 cm/s. This extra fuel consumption corresponds to the constraint
cost and amounts to 4% of the optimal consumption.

Figure 9 illustrates the trajectory of the two spacecraft during
the deployment in the LOF of the rocket upper stage for the case
dmin = 1 km. Figure 9a is the projection onto the transversal-radial
plane, whereas Fig. 9b is the projection onto the transversal-normal
plane. As stated earlier, the optimal solution is the same for all
spacecraft; the only difference is the different separation time. Then
the two trajectories are the same in the LOF of the rocket upper stage.
The minimum distance between each spacecraft and the rocket upper
stage can be derived from Fig. 9, as shown in Fig. 8.

Figure 10 relates to the evolution of the distance between the
two spacecraft. Figure 10a represents the evolution of the distance
between them as a function of time. First, because the formation is
circular, the final distance is constant. Furthermore, the minimum
distance is reached just before the end of the deployment. To illus-
trate this feature, Fig. 10b shows the trajectory of the two spacecraft
in the transversal-radial plane as a function of time. Note that the
minimum distance is reached when the second spacecraft is inserted
into the formation.

Finally, Fig. 11 illustrates the solution proposed in this paper. It
is a snapshot during the deployment of three spacecraft.

Distance (km)

0 1 1 L

2 3
Time (# revolutions)

a) Distance between two spacecraft

r axis (km)
o
o
Il

—054"

-10

t axis (km)

-15 _og~ O Time (# revolutions)

b) Spacecraft trajectories in transversal-radial plane as function of time

Fig. 10 Relative motion between two spacecraft.
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e Upper_stage

Fig. 11 Deployment solution for four-spacecraft formation, one already flying around a reference spacecraft; two others are about to begin their

relative circular motion.

Conclusions

This paper presents new results related to the deployment of in-
variant formations. Before solving the optimization problem, an in-
novative model for the formation design is introduced. This model
allows management of near-circular and near-equatorial reference
orbits. It also complies with the inputs required by the employed
optimization method.

Then the minimum fuel consumption for the formation deploy-
ment is obtained via the primer vector optimal control theory. The
deployment strategy includes a separation impulse by the rocket
upper stage. The optimal time application and magnitude of the
impulse are obtained analytically. Then the two-impulse optimal
solution is analytically derived by combining the primer vector re-
sults with a geometrical approach. This permits assessment of the
collision risk by observing the evolution of the distance between
spacecraft.

It is shown that introducing a minimum-distance contraint can
incur a fuel penalty when it exceeds a limit value.

Finally, we arrive at an almost fully analytical solution to the
problem of invariant formation deployment.
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